The perfect fit of the matter fields of the Standard Model (SM) into the SU (5) multiplets has strongly supported the idea of the Grand Unified Theory (GUT) for decades. In this paper, we discuss a novel framework which explains why the SM matter fields form the complete SU (5) multiplets. In the new framework, the apparent matter unification inevitably results from chiral SU (5) gauge theory even if the quarks and leptons are not embedded into the SU (5) multiplets. We call this class of models as the "fake GUT". The novel phenomenological prediction of the fake GUT is more variety of the nucleon decay modes than the conventional GUT, which can be tested by ongoing and future experiments.
I. INTRODUCTION
In the Standard Model (SM), the matter fields perfectly fit into three copies of the5 ⊕ 10 multiplets of SU (5) [1] . The renormalization group evolution (RGE) of the three gauge coupling constants of the SM also suggests the unification of the three forces at a high energy scale [2] . For decades, these two aspects of the SM have strongly supported the long-sought idea of the Grand Unified Theory (GUT) which unifies the three fundamental forces of the SM into a single gauge interaction [1] [2] [3] (see Ref. [4] for reviews).
The road to the unified theory is, however, not as straightforward as it appears. A closer look at the RGE has revealed that the unification of the three gauge coupling constants is not very precise. The grand unification scale indicated by the RGE also results in too rapid proton decay [2] .
Of course, those apparent failures do not reduce the attractiveness of the GUT. Instead, they may indicate the existence of new charged particles between the electroweak and the GUT scales so that the unification is achieved at higher energy with better precision. The minimal supersymmetric SM (MSSM) is the prime candidate for such a possibility which automatically provides better unification with the higher GUT scale [5] [6] [7] [8] [9] [10] [11] . The future confirmation of the MSSM definitely paves the way for the GUT.
In this paper, we discuss another possibility to explain why the SM matter fields form the complete SU (5) multiplets. As we will argue, the apparently unified matter fields can result even if the quarks and leptons are not embedded into the SU (5) multiplets at high energy scale. There, chiral SU (5) gauge theory plays a crucial role, though it is only a part of the gauge group of the high energy theory. We call this class of models as the "fake GUT". In the fake GUT, no coupling unification is predicted while the matter unification is predicted in a "fake way". We will also see that the fake GUT models predict more variety of the nucleon decay modes, which can be tested by ongoing and future experiments.
The organization of the paper is as follows. In Sec. II, we discuss when and how the matter fields in the SM show up as the complete multiplets of SU (5). There, we explain the main concept of the fake GUT. In Sec. III, we demonstrate the idea of the fake GUT by taking the model with a product gauge group, SU (5) × U (2) H . The final section is devoted to our conclusions and discussions.
II. FAKE MATTER UNIFICATION
Let us discuss when and how the SM matter fermion fields show up as complete multiplets of SU (5). For this purpose, it is convenient to consider a quantity ∆χ R (g) ≡ χ R (g) − χ R † (g), where χ R (g) is the character (the trace) of a matrix representation R(g) of a group element g [12] . The perfect fit of the SM matter fields into5 ⊕ 10 of SU (5) means that the sum of ∆χ R of the SM matter fields, A SM , happens to satisfy
Here, χ L L ,Ē R ,Q L ,Ū R ,D R are the characters of the leptons and quarks, while χ5 ,10 are those of the SU (5) multiplets. The number of the generation n gen is three. The element SM gauge group
Since the rank of G SM is the same with that of SU (5) and the characters depend only on the Cartan subgroups, A SM (g SM ) can be regarded as a function of the conjugacy class of the full SU (5). Due to the orthogonality and the completeness of the characters as functions of the conjugacy class of a group element, the identity Eq. (1) shows that the SM matter fields can be exactly embedded into the three copies of5 ⊕ 10.
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The most straightforward way to explain the identity Eq. (1) is to embed the matter fields into5⊕10 representations as in the conventional GUT model. In this case, the GUT predicts
Since G SM has the same rank as SU (5), the fermions contributing to A GUT (g) remain massless in the low energy theory. Thus, the GUT predicts,
which explains the identity Eq. (1). The identity Eq. (1), however, can be explained even when the matter multiplets are not embedded into the SU (5) multiplets. In fact, the chiral nature of SU (5) with5 ⊕ 10 whether or not the SM matter fields are embedded into them. Let us consider the following setup of a high energy theory, which we call the fake GUT [13] .
• The gauge group is G = SU (5) × H, which is spontaneously broken down to G SM completely at the fake GUT scale.
• Three copies of5 ⊕ 10 chiral fermions which are neutral under H.
• Additional fermions in vector-like representations of G.
• All the Cartan subgroups of SU (5) remain unbroken.
The quarks and leptons do not always belong to the three copies of5 ⊕ 10. The fourth condition can be satisfied when each of SU (3) c , SU (2) L , and U (1) Y is either a subgroup of SU (5) or a diagonal subgroup of SU (5) and H. Therefore, in contrast to the conventional GUT, the gauge coupling unification is not a generic prediction in the fake GUT.
As an extreme example, we may take
We may also consider other examples such as H = SU (5), H = SU (3), and so on.
In the fake GUT, the sum of ∆χ R is again given by
Note that the contributions from the vector-like fermions are cancelled. As only the5 ⊕ 10 fermions contribute to A fake GUT (g), it is a function of g ∈ SU (5). Then, since all the Cartan subgroups of SU (5) remain unbroken, the fake GUT predicts
as in the case of the conventional GUT. In this way, the identity Eq. (1) is explained in the fake GUT.
It should be emphasized that we have not specified how the SM matter multiplets are embedded in the fake GUT representations. In fact, some or all of the5⊕10 fermions may become massive at the fake GUT scale whose mass partners are parts of the vector-like fermions of G. Even in this case, the identity Eq. (1) is guaranteed by Eq. (5). Therefore, we find that the apparent unification of the SM matter fields into5 ⊕ 10 is inevitably predicted by the fake GUT where the quarks and leptons are not necessarily embedded into the SU (5) multiplets.
The "fake-unification" of the SM matter is a notable feature of the fake GUT. Consequently, the nucleon decay is not necessarily induced by the exchange of the heavy gauge bosons associated with spontaneous G breaking. This should be contrasted with the universal prediction of the nucleon decay in the conventional GUT models. In the following, we demonstrate the fake GUT model based on a simple example. There, the nucleon decay rates and modes are controlled by additional parameters, which leads to completely different decay modes from the conventional GUT prediction.
To demonstrate the fake GUT, let us take H = U (2) denoting U (2) H = SU (2) H × U (1) H . As we will see shortly, this model does not only provide a simple example of the fake GUT, but also has a phenomenological advantage to explain the moderate gauge coupling unification.
The symmetry breaking, SU (5) × U (2) H → G SM , is achieved by the vacuum expectation value (VEV) of a complex scalar field, Φ α i , which is a bi-fundamental representation, (5, 2) −1/2 , of (SU (5), SU (2) H ) U (1) H . Here, the subscripts i and α are the indices of the SU (5) and SU (2) H , respectively. The form of the VEV is given by
with v being a constant with a mass dimension [14] . Once G is broken down to G SM , SU (3) c appears as an unbroken subgroup of SU (5), while SU (2) L and U (1) Y appear as diagonal subgroups of SU (5) and U (2) H . As we discussed in the previous section, the fake GUT contains three copies of5 ⊕ 10 representations of SU (5) and some vector-like representations of G as the matter fermions. We assume that the vector-like multiplets are given by three pairs of the doublet fermions in U (2) H ,
and three pairs of the SU (2) H singlet fermions,
As a notable feature of the fake GUT, the SM quarks and leptons are not completely identical to the5 ⊕ 10 multiplets. In fact, "leptonic" parts in the5 ⊕ 10 multiplets can be the mass partners ofL H 's and E H 's through
where λ L,E are coupling constants and Λ cut denotes a cutoff scale [15] . Hereafter, we omit the gauge and flavor indices. In this case, the leptonic parts of5 ⊕ 10 and (L H
the role of the SM leptons after the spontaneous breaking of the fake GUT symmetry. We will discuss the case without the lepton symmetries in the next section. Even in the presence of the mass terms, L HLH and E HĒH , three copies of the leptons remain massless as a consequence of the identity Eq. (5).
In the above simple setup, the quarks are embedded into5⊕10, while the leptons are embedded into L H 's and E H 's. Even in this case, however, the matter spectrum in the SM still consists of the5 ⊕ 10 multiplets as dictated by Eq. (5). In this way, the apparent unification of the SM matter fields is explained without matter unification.
Next, let us discuss the gauge coupling unification. In this example, the SM gauge coupling constants, g 1,2,3 , are given by [18] ,
1/g
Here, g 5 , g 2H , and g 1H are the gauge coupling constants of SU (5) and U (2) H , respectively [19] . Thus, the moderate unification of the SM gauge coupling constants can be explained by choosing appropriate gauge coupling constants of the fake GUT. In fact, the RGE of the SM gauge coupling constants shows the following relation,
at around 10 14 GeV. Thus, the moderate unification can be explained for g 2H ∼ g 1H g 5 when the fake GUT scale is at around 10 14 GeV. Let us also discuss the origins of the Yukawa interactions in the SM. Here, we assume that the Higgs doublet in the SM is embedded into the 5 representation of SU (5) which is denoted by 5 h . In this case, the Yukawa interaction of the SM quarks are obtained from
as in the case of the conventional SU (5) GUT model. Here, y U and y D are the Yukawa coupling constants.
The lepton Yukawa interactions are, on the other hand, given by the higher dimensional operators,
where y L denotes the Yukawa coupling constants. Thus, the SM leptonic Yukawa interactions are proportional to v/Λ cut [20] . Therefore, in this example, the lepton Yukawa couplings are generically different from those of the quarks. The Yukawa unification is not a generic feature, and hence the bottom-tau unification is not necessarily predicted.
As we expect that v ∼ 10 14 GeV, the cutoff scale of the fake GUT should be Λ cut ∼ 10
16 GeV or below to provide the Yukawa coupling constant of the τ -lepton. We will come back to this point after discussing the mixing between the L H ,Ē H , and the5 ⊕ 10 multiplets.
The SM neutrino masses are given by the lepton number violating operators L H L H hh, where h denotes the SM Higgs boson. It is an interesting feature of the fake GUT that the mass matrices of the charged leptons and the neutrinos are separated from those of the quarks. Accordingly, the flavor structure in the lepton and neutrino sectors can be quite different from those of the quark sector. It may explain the reason why the neutrino mixing angles are large.
Here, let us comment that the U (2) H sector can be easily embedded into SU (3) H where U (2) H appears as the maximal subgroup of SU (3) H . The matter multiplets (L H ,Ē H ) and (L H , E H ) fit into the 3 ⊕3 representations of SU (3) H . The bi-fundamental representation, Φ, can also be extended to that of SU (5)×SU (3) H straightforwardly.
This extension of the model is partly motivated by the observation that the gauge coupling constant g 1H could blow up just above the fake GUT scale. The highenergy theory without the U (1) gauge symmetry is also attractive as it explains the charge quantization of the SM straightforwardly. We will discuss details of this extension in a separate paper.
IV. NUCLEON DECAY
So far, we have assumed that the mass terms, L HLH and E HĒH , are absent, which can be achieved by the lepton symmetries. In this case, the low energy leptons are completely embedded into L H 's andĒ H 's. In the presence of the lepton symmetry, the nucleon decay is forbidden.
In the absence of the above lepton symmetry, on the other hand, the mixings between L H ,Ē H , and the leptonic components of the SU (5) multiplets are allowed. In this case, the heavy leptons,
where m L and m E are the mass parameters which break the lepton symmetries. Then, the leptons in the SM, L SM andĒ SM , are given by the linear combinations,
and
respectively. Here,5 L and 10Ē denote the lepton components of the SU (5) multiplets. We neglect the flavor dependence of the mixing for simplicity. In this simple situation, the mixing angles are determined from Eq. (16),
respectively. Once the mixings are allowed, the SU (5) gauge boson exchanges induce the nucleon decay. For example, if we assume that the mixings in Eqs. (17) and (18) take place generation by generation, the proton lifetime of the p → e + π 0 mode is predicted to be [21, 22] 
Here, M X is the masses of the fake GUT gauge bosons. The suppression of the decay width by the mixing angle is the generic feature of the nucleon decay in the fake GUT.
The above lifetime is consistent with the current limit [23] , τ (p → e + π 0 ) > 1.6 × 10 34 yrs (90% CL), for sin θ 10 −4 . Such a small mixing angle can be naturally realized when the lepton symmetries are approximately preserved.
It should be noted that the terms in Eq. (16) allow flavor mixings. Accordingly, the generations of the lepton components appearing in the SU (5) multiplets do not necessarily match with those of the quark components. Thus, the fake GUT model predicts a variety of the nucleon decay modes. For example, it is even possible that the decay rate of the p → µ + π 0 mode is larger than that of the p → e + π 0 mode. This is a contrary to the conventional GUT, where the nucleon decay modes which include different generations are suppressed by the CKM mixing angle. The fake GUT can explain the two candidate events for p → µ + π 0 in Super-Kamiokande IV [23] without conflicting the lower limits on lifetime of the p → e + π 0 mode. Although the observation is not statistically significant at this point, a variety of the nucleon decay modes will provide striking signatures of the fake GUT.
Several comments are in order. First, when the lepton symmetries are broken, there are higher dimensional operators which contribute to the nucleon decay, such as,
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The nucleon decay rates from those operators are, however, suppressed by the cutoff scale and also by the mixing angles θ L,E or additional factors of (v/Λ cut ). Thus, the proton decay rates caused by these operators are subdominant compared with those by the SU (5) gauge boson exchange. Second, the colored Higgs boson exchanges also lead to the dimension six operators. To be consistent with the constraints on the nucleon lifetime, the colored Higgs boson mass, m Hc , is needed to be larger than 10 11−12 GeV× sin 1/2 θ [4, 24] . In the previous section, we assumed that the dominant Yukawa interactions of the SM leptons are given by Eq. (15) . When the mixing angles between (5 L , 10Ē) and (L H ,Ē H ) for the τ -lepton are of O(1), the tau-Yukawa coupling is dominated by the contribution from the second term of Eq. (14) . In this case, the cutoff scale Λ cut can be much larger than 10
16 GeV [25] . Such a large mixing angle is motivated by the unification of the bottomtau Yukawa coupling [3, 26] . We will discuss the details of such possibilities in a separated paper.
V. CONCLUSIONS
In this paper, we showed that the perfect fit of the SM matter fields into the SU (5) representations can be explained by chiral SU (5) gauge theory whether or not the SM matter fields are embedded into the complete multiplets of SU (5). The "fake-unification" of the matter is a notable feature of the fake GUT, which should be contrasted with the conventional GUT models. Consequently, the nucleon decay rates and modes can be completely different from those of the conventional GUT predictions.
As a simple example of the fake GUT, we discussed the model based on SU (5) × U (2) H . In this model, the SM leptons can dominantly originate from U (2) H multiplets while the SM quarks from SU (5) multiplets in the limit of the lepton symmetries. We also showed that the fake GUT model predicts a variety of the nucleon decay modes which depend on the sizes of the lepton symmetry breaking. This prediction can be tested by future nucleon decay searches [27] .
Let us comment that the fake GUT mechanism works even when H is trivial, i.e. G = SU (5). For example, by introducing higher dimensional representation Higgs of SU (5) and vector-like representation fermions, the quarks and leptons can be embedded into different SU (5) multiplets [28] , as in the missing partner mechanism [29, 30] . This setup is a special example of the present fake GUT framework.
We will explore more general possibilities of the fake GUT in a future work. More general gauge groups and more general matter mixing result in striking features for the nucleon decay.
